GLOBAL SOLUTIONS FOR 2D QUADRATIC SCHRODINGER EQUATIONS 

P. GERMAIN, N. MASMOUDI AND J. SHATAH 



O 

(N 
C 

a 
>—» 

oo 

(N 



Oh 

< 

c3 



> 
00 

in 
in 

o 
o 



Abstract. We prove global existence and scattering for a class of quadratic Schrodinger equations 
in dimension 2. The proof relies on the idea of space-time resonance. 

1. Introduction 

In the present article we examine global existence and asymptotic behavior of solutions with 
small initial data for nonlinear Schrodinger equations with quadratic nonlinearities in dimension 2. 
We believe that this particular model is a good representative of a wider class of weakly dispersive 
nonlinear equations, i.e. nonlinear dispersive equations where the linear decay due to dispersion is 
not strong enough a priori to overcome the nonlinear effects over large intervals of time: estimates 
relying only on the power of the nonlinearity, but not on its structure, fail. As we will argue later, 
the key concept in this setting becomes space-time resonances. 

1.1. Known results. Consider a nonlinear Schrodinger equation 
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d t u + iAu = N p (u) (t, x) 

where u is complex-valued, and N p a (nonlinear) function of u which is homogeneous of order p. 
We will review results concerning global existence and asymptotic behavior for small solutions. We 
refer to the textbooks by Cazenave [2] and Tao [31] for a more general discussion. 

The simplest problem occurs if the decay given by the linear part is strong enough, or p large 
enough to use dispersive or Strichartz estimates to conclude that asymptotic completeness holds for 
small data, i.e. the wave operators are defined, and are one to one. For smaller p, more interesting 
effects appear, and the structure of the nonlinearity starts to play a role. Two values of p are 
particularly important: the Strauss exponent (y d 2 + 12d + 4 + d + 2)/2d [30], and the short range 
exponent 1 + 2/d, whose values are displayed below for small dimensions. 
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For p larger than the Strauss exponent, one expect the existence of global solutions for small 
data, as well as some kind of asymptotic completeness. For p larger than the short range exponent 
one expects the existence of wave operators, while for p less than the short range exponent one 
expects small solutions not to be asymptotically free. Various global existence results for small 
solutions will be illustrated below. 

Wave operators for small data at t = oo. Suppose first that p lies above the short-range exponent, 
p > 1 + §; an immediate computation shows that the solution becomes asymptotically free if it 
decays in L°° at the rate prescribed by the linear part: t~ d l 2 . In all known cases, wave operators 
can be constructed for small data for this range of p, but no general result seems available. For 
the nonlinearity N p (u) = ±\u\ p ~ 1 u, see in particular Cazenave and Weissler [3], Ginibre, Ozawa 
and Velo [11] and Nakanishi [23J. For small p within this range, the spaces in which these wave 
operators exist involve weights or vector fields. 

l 
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Consider now the case where p lies below the short-range exponent p < For the nonlinearity 

N p (u) = \u\ p ~ 1 u, it was proved by Barab [JJ that non trivial asymptotically free states cannot 
exist. Modified wave operators were subsequently constructed by Ozawa [21], and Ginibre and 
Ozawa [10] if p = 1 + §. For the nonlinearity \u\ 2 , in dimension 2, it was proved by Shimomura [26] 
and Shimomura and Tsutsumi |28] that non trivial asymptotically free states cannot exist either. 
However, for the nonlinearities u 3 , uu 2 , u s in dimension 1, and u 2 , u 2 in dimension 2, wave operators 
were constructed by Moriyama, Tonegawa and Tsutsumi [ST] and Shimomura and Tonegawa |27j ; 
see also Hayashi, Naumkin, Shimomura and Tonegawa [18]. Finally, Gustafson, Nakanishi and 
Tsai [12] proved, in dimensions 2 and 3, the existence of wave operators for the nonlinearity (u + 
2u + |w| 2 )w arising from the Gross-Pitaevskii equation. 

Global existence and asymptotic behavior for small data at t = 0. For p larger than the Strauss 
exponent one can construct global solutions for small data using simply a fixed point theorem 
and dispersive estimates [30jj. This holds regardless of the precise form of N p , and furthermore, 
the solution scatters, ie it is asymptotically free in a certain sense. For the short-range exponent 
p = 1 + |, Hayashi and Naumkin [15] showed that a modification must be added to the free 
solution to describe the behavior for large time. Apart from a result of Tsutsumi Yajima [32J, who 
prove scattering in the defocusing case, we are not aware of any result for the intermediary range 
(between the short-range and the Strauss exponent); one would however not expect scattering to 
hold in general. 

For other nonlinearities, there are few known examples of global existence for small data below 
the Strauss exponent. In dimension 3 however, global existence and scattering are known for u 2 
and u 2 : see Hayashi and Naumkin [16] . Kawahara [20] and Germain, Masmoudi and Shatah [7J. 
For \u\u, this is also the case (Cazenave and Weissler [3]), but for \u\ 2 only almost global existence 
is known (Ginibre and Hayashi [9]). For the Gross-Pitaevskii equation, Gustafson, Nakanishi and 
Tsai |13] proved the existence of global solutions which scatter for large time. 

It is interesting to notice that for the Schrodinger equation, there is to our knowledge no known 
example of a nonlinearity which yields blow up in finite time for small, smooth and localized data. 
Such a nonlinearity should, as we have seen, necessarily correspond to a power below the Strauss 
exponent. For the nonlinear wave equation, we know since John |19] and Schaeffer |25] that blow 
up occurs for nonlinearities which have the homogeneity of the Strauss exponent. 

Global existence if the nonlinearity involves derivatives of u. As will become clear in this article, 
derivatives in a nonlinearity can play the role of a null form, thus making estimates easier as far as 
resonances are concerned. However in the presence of derivatives in the nonlinearity one needs to 
recover the derivative loss in the estimates, thus making them more complicated. To shorten the 
discussion, we focus here on recent developments corresponding to nonlinearities of low power. 

In dimension 3, Hayashi and Naumkin [17] were able to prove global existence and scattering 
for small data and for any quadratic nonlinearity involving at least one derivative: uVu, uVu, 
uVu... In dimension 2, Cohn [5] obtained the same result for a nonlinearity of the type VmVm 
(his proof, relying on a normal form transform and the use of pseudo-product operators, is actually 
very similar to parts of the arguments of the present article). Finally, the main result is due to 
Delort [6], who proved global existence for a nonlinearity of the form uVu or uVu. His method 

^This can be seen as follows: let —r(p) = - — 4 be the decay of ||w(t)|| p prescribed by the linear Schrodinger flow; 
then p is larger than the Strauss exponent if and only if pr(p + 1) > 1. Thus one can easily get the global a priori 
estimate ||u(t)||p+i < f~ r ( p+1 ) for u solving dtu + iAu = N p (u), and u(t = 0) = uq small (for the sake of simplicity, 
we ignore the divergence of the integral for s — t close to 0): 

K*)IUi £ W^Mp+i + f ||e l(t - fl)A iV p (u( S ))|| ds < \\u 1| E±1 r r ^ +1 '> + f\t - s )-^ +1 > \\u( S )f p+1 ds. 
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combines the vector fields method, a normal form transform, and microlocal analysis; it enables 
him to prove global existence, but not scattering. Our approach to the question of global existence 
is quite different from his. The Fourier analysis we develop is essentially a new point of view on 
the vector field and normal form methods. 

1.2. The notion of space-time resonance. The concept of space-time resonance is a natural 
generalization of resonance for ODEs. If one considers a linear dispersive equation on M. n 

dtu = iL^d^ju 

then the quadratic time resonances can be found by considering plane wave solutions u = e l ^ L ^ t+ ^' x \ 
In this case time resonance for u 2 corresponds to 

& = {(6,6); m) + L(6) = m + 6)}- 

However, time resonances tell only part of the story for dispersive equations when one considers 
spatially localized solutions. Specifically, if one considers two solutions u% and «2 with data localized 
in space around the origin and in frequency around 6 and 6; respectively, then the solutions u\ 
and U2 at large time t will be spatially localized around (— <9L(£i)i) and (—dL(^2)t)- Thus quadratic 
spatial resonance is defined as the set (6)6) £ & where 

^ = {(6,6);<9M6) = dL(6)}. 

We define quadratic space-time resonance as 

The idea is that only frequencies in ffl play a significant role in the long-term behavior of nonlinear 
dispersive equations. Indeed, the interaction between frequencies which are not time resonant is 
harmless, whereas frequencies which are not space resonant cannot interact since they have disjoint 
support - to be precise, this last point is valid only if the nonlinearity is local. 

We believe that space-time resonances provide a key to understand the global behavior of non- 
linear dispersive equations, for small data at least. We have been using this notion, along with its 
natural analytical framework, to study three-dimensional nonlinear Schrodinger equations [7], and 
more recently, water waves [8]. 

What heuristic understanding of quadratic nonlinear Schrodinger equations does the notion of 
space-time resonance give? The three possible polynomial nonlinearities are u 2 , u 2 , and \u\ 2 . An 
elementary computation (see Section [2]) shows that for the two first, £% is reduced to a point, 
whereas it is a <i-dimensional subspace for the third one. This explains why, in dimension d = 3, 
global existence can be proved relatively easily for u 2 and u 2 , whereas for \u\ 2 only almost global 
existence is known. In dimension 2, the decay given by the linear Schrodinger equation is only 
j] in other words, quadratic nonlinearities are short-range, making global existence results very 
delicate. Actually, the only known results hold for nonlinearities of the type uVu or uVu; more 
precisely: the nonlinearities for which global existence holds exclude interactions between u and u, 
and involve derivatives. Why are derivatives in the nonlinearity helpful as far as global existence 
is concerned? This can be understood by going back to the space-time resonant set, which is equal 
to the zero frequencies of the interacting waves; these zero frequencies are canceled by derivatives. 

The above considerations lead us to the choice of a quadratic nonlinearity Q(u, u) in the theorem 
below. For low frequencies, which is where resonances occur, a derivative is needed to play the role 
of a null form, thus Q(u,u) will look like nVu. Taking Q of the same form for high frequencies 
would lead to a problem distinct of resonances, which is our primary focus, namely: how to use 
the smoothing effect of the equation to "recover" derivatives. Since we want to avoid this technical 
complication, we simply define Q(u,u) to be a standard product for high frequencies. 
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1.3. Main result. Consider the following equation on it, a complex-valued function of (t, x) £ 

M x M 2 , 

dtu + iAu = aQ(u, u) + f3Q(u, u) 

de f -2iA 

u\t=2 =u 2 = e ZJ "u*, 
where a, f3 are complex numbers and Q is defined by 

~ denoting the Fourier transform, and where the symbol q is smooth, linear for |(£, r])\ < 1, and 
equal to 1 for |(£,r/)| > 2. Thus Q is like a derivative for low frequencies, and the identity for high 
frequencies. 

Remark. The fact that the data are given at time 2 does not have a deep meaning: it is simply 
more convenient when performing estimates, since the L°° decay of \ given by the linear part of 
the equation is not integrable at 0. 

Before stating the theorem, let us introduce the profile / given by f(t) d = e lt ^u{t). 
Theorem 1. There exists e > such that if u* satisfies 

\\(x) 2 u*\\ 2 < e, 

then there exists a global solution u of {NLS) such that 

Il(x)/|| a <€ , ||x 2 /||2<6 + 6 2 t and [le^/Hoo < f ■ 
Furthermore, this solution scatters i.e. there exists foa G L 2 such that 

\\f(t) - /oo|| 2 — ^0 as t -> 00. 

Remark. Using the tools developed in this article, more general nonlinear Schrddinger equations 
can be treated, we give below a few examples. 

(1) The conclusion of the theorem still holds if any cubic terms of polynomial type are added, 
that is for the following equation 

dtu + iAu = aQ(u, u) + (3Q(u, u) + 7mm + 5uuu + euuu + Quuu 

(notice that it is not trivial to obtain the L°° decay proved in the theorem even if the 
nonlinearity consists only of cubic terms). 

(2) The theorem can be extended in a straightforward way to systems for which no quadratic or 
cubic space-time resonances occur. 

(3) Finally, it is possible to handle more general pseudo-products than Q. It should also be 
possible to extend our result to the case where Q(u,v) = auVv + f3uS7v by analyzing high 
frequencies more carefully than we have done. Finally, we remark that the fact that q is 
linear for low frequencies simplifies some manipulations in the following, but is not essential. 

1.4. Plan of the proof. The article is structured as follows: 

• In Section [21 we analyze the resonant structure of the different terms of the equation, and 
perform a normal form transform on a certain part of the nonlinearity. This yields two terms, g 
and h = hi + h2 + hz, which have different behaviors, and will satisfy different estimates, stated in 
section [3) ([6]) for g and ([7]) for h. The proof of these estimates, performed in sections [6] to [10] will 
give Theorem [TJ 

• In Section U] we recall or establish basic linear harmonic analysis results . 

• In Section[5]we turn to basic multilinear harmonic analysis, specifically pseudo-product operators. 

• In Section [6j the estimates © are established for g. 
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• In Section [71 the estimates (JTJ) are established for h\. 

• In Sections [8] and El the estimates (jTj) are established for \i2- 

• In Section [101 the estimates dTJ) are established for /i 3 . 

•Finally, in the appendix [Aj we prove boundedness of multilinear operators with flag singularities, 
a fundamental result of harmonic analysis that is needed in the proof. 

1.5. Notations. We denote by C constants that may vary from one line to another, and use the 
standard notation A < B if there exists a constant C such that A < CB, and A ~ B if B < A and 
A < B. The Fourier transform of / is denoted by / or J-(f); the normalisation is the following 

f(0 = ir I e-**f(x)dx. 



2tt _ 

The Fourier multiplier with symbol m is given by 

m(D)f = f F-'miOm 

2. Computation of the resonances and first transformation of the equation 

Recall that / denotes the profile of u f(t,x) d = e ttA u(t,x) or f(t,£,) = e~ l ^ 2t u(t,^). Then 
(1) d t f(t, x) = e ltA (aQ(u, u) + 0Q(u, «)) 

thus 



(2) 



+ P ft e is ^--^\{^r 1 )!{s^-ri)f{s,r 1 )dr } ds 



where 



^ ±± d = f -\e±\ri\ 2 ^-v\ 2 . 



2.1. Computation of the resonances. The analysis that we will perform will rely on our under- 
standing of resonances between two or three wave packets. In the present section, we describe the 
space, time, and space-time resonant sets; then we define cut-off functions, which split the (£, rf) or 
(£, 77, a) plane into the different types of resonant sets. 

2.1.1. Quadratic resonances. Due to our choice of nonlinearity, the only type of quadratic interac- 
tions occuring are two + waves giving a + wave or two — waves giving a + wave, or for short: "++ 
gives +" and " gives +" . The corresponding phase functions are 

V ++ (H,v) = -\!i\ 2 + \v\ 2 + \ti-ri\ 2 and <^__ (£, r?) = -|£| 2 - \n\ 2 - |£ - r/| 2 . 

A simple computation gives that the space, time, and space-time resonant sets are: for 95++ 

y ++ = {d v <p = 0} = {£ = 2 V } 

^ ++ = W = 0} = {77 • (£ - r?) = 0} 

<% ++ = {d v <p = 0} n {if = 0} = {£ = n = 0}, 

and for 99 

= {9^ = 0} = U = 2r?} 
= = »7 = 0} 

= a = 7] = 0}. 

In both cases the space-time resonant set is reduced to a point! This is to a large extent the key of 
the above theorem. 
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Further notice that as far as ip is concerned, ^ = & ; thus for this type of interaction, 

we shall not have to take space resonances into account for the analysis. 

We take this opportunity to analyze the uu = \u\ 2 interaction ( H — gives + ) and explain why 
this interaction is out of the scope of our theorem. For H — gives + one easily sees that 

<p-+(M = -lei 2 - M 2 + 1£ - v\ 2 = 2£ • v 

y~ + = u = 0} 
= {e • r) = 0} 

= {£ = 0}. 

Thus, the space-time resonant set is too large; this explains why global existence should not be 
expected, or at least why our method does not apply. 

2.1.2. Cubic resonances. All the possible cubic interactions, namely "+ + + gives +", "H gives 

+", " — h + gives +" " gives +", occur for (NLS) as will become clear in the next section. They 

correspond respectively to the phase functions 



(3) 



</?+++ = 




V\ 2 + \V - v\ 2 + 


W\ 2 


<p+— = 


-\i\ 2 + \i- 


il\ 2 -\v-o-\ 2 - 


W\ 2 


¥>-++ = 


-\i\ 2 -\i- 


v\ 2 + \n-o-\ 2 + 


W\ 2 


LP = 


-\i\ 2 -\i- 


n\ 2 -\v-o-\ 2 - 


W\ 2 



A small computation shows that the space-time resonant sets are: 

= {d w ip = 0} = {£ = 3<7 = ^} 
= = (S-r,) 2 + (r,- a) 2 + **} 

= {e = v = o}, 

= {d^ip = o} = a = a = K,} 

^> + __ = U = V = 0}, 

= {d va <p = 0} = {£ = a = ir/} 
■?-+ + = {e + (i-ri) 2 = {n-o-) 2 + o 2 } 

= {<L = ° = \v}, 

y— = {dr,o<P = 0} = {£ = 3a = ^} 
ST___ = = r, = a = 0} 
^ = {£ = n = a = 0}. 



Note that the space-time resonant sets &+++ = = & = {£ = r] = a = 0}, which seems 

(and will be) favorable to obtain estimates. The set ^ h+ = {£ = a = ^n}, which looks very 
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problematic is actually benign since by the following identity 

(4) %>-++ = -2&n<P-++ - <9<t¥>-++, 

it will generate "null terms". That is when trying to establish the weighted L? estimate, one 
differentiates a certain trilinear expression in £, which corresponds to adding an x weight in physical 

space. The worst term arises when the £ derivative hits an oscillating term with phase (p (-+, 

which introduces a factor of sd^cp |_ + . Due to the above identity, one can substitute to this 

factor s(—2d rj ip |_+. — d a (p |_+), which is harmless since an integration by parts in 77 or a makes it 

disappear. See Section [10] for the details. 



2.1.3. Partition of the frequency space. The proof will rely on a decomposition of the multilinear 
expressions, which will be achieved by splitting the (£,77), or (£, 77, cr) space; this manipulation will 
enable us to treat separately the different types of resonnances. 

Let us first explain the procedure in the case of quadratic interactions: consider either the ++ 
or the case, and define 3 smooth functions X^ ,R i X ±:iz ' S and X^' T °f (£> v) such that 

< X ±±+li? , X ±±l5 , X ±±,T < 1 and X ±±,i? + X^' 3 + X ±±lT = 1 for any (£, V ) 

^±±,R = l ^ £( 0) J_) ^ Q outgide fl (0, 2) 

X ±±,T and x ±=t ' are homogeneous of degree outside B(0, 2). 
X ±±,T = on a neighbourhood of &±± 
X = on a neighbourhood of S*±±. 

Of course, the splitting in the case is easier since time resonances are trivial then and one takes 

X~' S = 0. 

The case of cubic resonances is handled similarly in the cases where the space-time resonant set is 
trivial, ie + + +, H and . This gives cut-off functions 

X^' R , X ±±±,S and x ±±± ' T 

All the cut-off functions which have been defined will be dilated as time goes by, in the following 

way 

x f±,R,S,T X ±±,W ^ and X ±±±.W dg x±±± , r ,s,t (y t .\ 

2.2. Normal form transform and decomposition of /. Split the integral occuring in (j2J) using 
the quadratic cutoff functions, and integrate by parts in s the term with x T , using the identity 

(this manipulation is nothing but a normal form transform). A small computation shows that the 
equation (p} can then be rewritten as 

(5) f(t,0 = M0 + 9(t, £) + %£), 

with 

9(t,0 = [ (»^^xf + ' T (C,v)e is ^+(3^^ X J-' T (Lv)e isv ") /(a, £ - v)f(s, r,)d V ] ' 
J \ V++ f— ) J 2 
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and all the remaining terms are denoted by h(t,£) = + /12(C) + 7*3 (£) where 
hi(0 = a fj xf + ' R (Z,v)q(Z,v)e tsip++ f(s,Z- V )f(s, V )d V ds 

+ P f j X7~' R & VMS, r))e is *-J(s, £ - V )f(s, r,)d V ds 
-aft d sX t + > T (Z,ri)?^e ls ^f(s,Z - V )f(s, V )d V ds 

-P f [ dsX7-' T (t,v)?^e isv --?(s,t;-v)J(s,v)dvds 
h J l( P — 



MO = a fj xf + ' S (Lv)e tsip++ q(tv)f(s,Z- r?)/(a, r^da 



*>f 2 t [xf + ' T (Z,v)q(Z,v)+xf + ' T (LZ-v)q(LZ-v) 



x q{r), a)e is ^+++f(s, £ - V )f(s, r? - a)f(s, a)d V da ds 



] { / [xf + ' T (t,v)q(tv) + xf + ' T (Z,Z-v)q(Z,Z-v) 



■a 



x q(n, a)e isip +— /(a, £ - tj)/(s, 77 - a)/(a, cr)d7/ da 



^yy 



x« ' (£,v)q(£,v) + Xs ' (£,£-v)q(£,£-v) 

itp—i^ri) 



x q(v, cr)e lslf /(s, £ - v)f(s, V ~ v)f(s, <?)dv da ds 

_io,2 /"* /" xs"' T (C, ^ g) + xr~ ,r (g, e - gMj, e - g) 

x 9(77, a)e i " p -++}{8, £ - r])f(s, r? - ct)/(s, c^dr? da ds 

Thus 5 consists of the boundary terms arising from integration by parts in a, hi consists of terms 
that are strongly localized in frequency, hi consist of quadratic terms, and h% consists of cubic 
terms. The point here is that g and h satisfy different types of estimates since g is less localized in 
space than h, but is pointwise smaller. 

3. A PRIORI ESTIMATES AND OUTLINE OF THE PROOF 

The proof of the theorem will consist in the following a priori estimates: for g, 
(6) ||0||2 <^ \\(x)gh <6 2 ||* 2 5 || 2 <6 2 t Halloo < y, 



and for h, 



e 2 



(7) \\(x)h\\ 2 <e 2 \\x 2 h\\ 2 < e 2 i 5/8 Halloo < j 
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Since / = «* + g + h, this implies 

(8) ll<*>/l|2<€ |k 2 /l|2<6 + 6 2 t lle^/Hoo < |. 

The above estimates will be established separately for g and the three components of h, i.e., hi, 
h 2 and /13. Furthermore, it will be necessary to decompose h 2 further, by observing that h 2 can be 
seen as a bilinear operator and that 

h 2 = h 2 (f,f) = h 2 (u* + g + h,u* + g + h) 

= h 2 (f,u*) + h 2 (u*,g + /j) + h 2 (h,h) + h 2 (g,h) + h 2 (h,g) + h 2 (g,g). 

Terms involving u* are the simplest to estimate and we shall skip them. Terms of the form h 2 (h, h) 
and terms of the form h 2 (f,g) or h 2 (g, f) will be estimated in different ways. 

In order to simplify the notations, we will set in the following a and (3 equal to 1, and we will 
denote indifferently f for f or its complex conjugate f . 

4. Linear harmonic analysis: basic results 

The following are standard inequalities and notations that we include for the convenience of the 
reader. 

4.1. A Gagliardo-Nirenberg type inequality. For Schrodinger equation the generator of the 

de / 

pseudo conformal transformation J = x — 2itd plays the role of partial differentiation. Thus we 
have 

Lemma 4.1. The following inequality holds 

|2 



e - itA (^/)ii:<i| e - itA /Lii^ A (x 2 /)iL 



„2 



Proof. The proof relies on the observation that e = Je %tA , with J = 2ite 1 de 1 « . Thus we 
get 

||e- tA x/l|4 = || Je~ UA f\\l = 4t 2 \\e- l £de^e- UA f\\l < t 2 \\ e - UA f\U\Ae^ e~ UA f\\ 2 

< \\e~ UA f\U\J 2 e- UA f\\ 2 < ||e- iiA /|U|e-* tA * 2 /l| 2 , 

where we used the standard Gagliardo-Nirenberg inequality for the first inequality. □ 

4.2. Littlewood-Paley theory. Consider 6 a function supported in the annulus C(0, |, |) such 
that 



Define first 



and then the Fourier multipliers 



for^O, E^(|)= L 

j&L v 7 



2) J ^ \%i 

This gives a homogeneous and an inhomogeneous decomposition of the identity (for instance, in 

^2 Pj = Id and P <0 + ^2 Pj = Id . 

j&Z j>0 

All these operators are bounded on L p spaces: 

ifl<p<oo, \\Pjf\\ p <\\f\\ p , HP^/llp < H/llp. 
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Also recall Bernstein's lemma: ii I < q < p < oo, 



2 *(W) 



(10) \\PjfWp < v) \\ Pj f\\ q and ||P<,/|| p < 2 2j U V \\ P<j f\\ q . 

Finally, we will need the Littlewood-Paley square and maximal function estimates 

Theorem 2. (i) If f = J2 fj> w ^h Supp(/j) C C(0, c2~\ C2~i) (the latter denoting the annulus of 
center 0, inner radius c2~ 3 , outer radius C2~ J ), and 1 < p < oo, 









1/2 




< 






3 


V 


3 





Furthermore, denoting Sf 



def 



3 

def 



1/2 



(ii) //Kp< oo, deno&n 5 M/(x) = J sup|,S,-/(a;)|, ||M/|| P < ||/|| p . 

3 

4.3. Fractional integration and dispersion. To some extent, the approach that we follow trans- 
forms the question " how does the linear Schrodinger flow and resonances interact?" into "how can 
one combine fractional integration and the dispersive estimates for the Schrodinger group?" 

The following lemma will thus be very useful. Define a smooth function Z such that Z(£) = 
for |f | > 2 and Z(f) = 1 for |f | < 1. Then set for a > 



Ap d M vt a z a (yi\D\) , 



thus A t a is like fractional integration of order a for frequencies > ^ , and like \/i a for frequencies 
Lemma 4.2. (i) If a>0, and either 1 < p, q < oo, and < 1 1 



< i 



and 0<J-i = f i/iere /to/ds 



„ p < f , or 1 < p,q < oo 



(ii) If 1 < p < 2, there holds 



JtA . 



1 



< 

tp 2 



p- 



fraj Ifl<p<2, and 2H 2 > 1 



Pie 



it A 



< 



(2 2 n)-~ 1 



(iv) If 1 < q < 2 < p < oo, en > 0, 1 < p, g < oo, and < ^ — ^ < ^, i/iere /10/ds 

||A t -V* A /|| p <^4 n/|| ff . 

Proof The points (i) and (ii) are standard. In order to prove (Hi), observe that it follows from 
interpolation between the L 2 estimate, which is clear, and the L 1 estimate, which reads 



if 2H 2 > 1, 



\P j e itA f\\ 1 <2 2 H\\f\\ 1 
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By scaling, it suffices to prove this estimate if t = 1 and j > 0. This is done as follows 



11 



sAl 



< 



< 



F^t 



ay 


< 




l 



2J 



1/2 
2 



23 



1/2 
2 



1/2 




2 





2-? 



-m 2 



1/2 



< 2 2 ^'. 



As for (iv), it follows from (i), (ii), and ||e l * A || L2 _ s>i 2 = 1 



(11) ||A t -V* A | 



l l 



l l 
l _ l 



A i P e itA A g P 





i 


i 




l 


i 






■ 2 
i 






p 
i 


< 


A* ? 


p 




A* 


p 


Li^LP 













L 2 ^tLP 



□ 



5. Multilinear harmonic analysis: pseudo-product operators 

We only define bi and tri-linear pseudo-product operators, since these are the only cases that 
will be of interest in the following. These operators are defined by a symbol m through 

r m(£,»o(/i,/2) = j m {Z,i r i)fi(i)h{t, - v)dv- 

in the bilinear case and 

T m(t, v ,a){hJ2, h) = F' 1 j m(£,ri,a)fi(cr)f 2 (ri - cr)/ 3 (£ ~ v) dr] da 
in the trilinear case. 

5.1. Bounds for standard pseudo-product operators. The fundamental theorem of Coifman 
and Meyer states, under a natural condition, that these operators have the same boundedness 
properties as the ones given by Holder's inequality for the standard product. 



Theorem C-M (Coifman-Meyer). Suppose that m satisfies 
(12) 



m\\cM = sup + • • • + |^ n |)l^l + -+l^l \d£ . . . dpmfa, . . . 

€,M+-+K|<7V 



where N is a sufficiently large number. Then the operator 



is bounded for 



l _ l i l 



+ -, 1 < p, q < oo and < r < oo. Furthermore, the bound is less than 



v i 

a multiple of \\m\\cM- 

Remark. 1 ) For condition \12\) to hold, it suffices for m to be homogeneous of degree 0, and of 
class C°° on a (£,r]) sphere. 2) Ifm(^,rj) is a Coifman-Meyer multiplier, so is mt{^,rf) = m(t^,trj), 
for t a real number. Furthermore, the bounds \12\) are independent of t, and consequently so are 
the norms of T mt as an operator from LP x L q to U , for (p,q,r) satisfying the hypotheses of the 
Theorem. 

We now define a class of symbols which will be of constant use for us, due to the decomposition 
introduced in ([5]). 

Definition 5.1. I) We say that a symbol \i has homogeneous bounds of order k (for a specified 
range of (£, rf) if it satisfies the estimates 

8£ . . . egXfc, • • • ,£n)| < (161 + • • • + \Ut~ H 

for sufficiently many multi-indices a. 
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2) We denote M k ' k ' for a symbol smooth except at 0, such that 

• For |(£i, . . . ,£n)| — 2, it has homogeneous bounds of order k. 

• For |(^i, . . . ,£n)| ^ 2, /ias homogeneous bounds of order k' . 

3) We denote m k,k for a symbol smooth except at 0, such tha^ 

• For . . . ,£ n )| < 2, m k,k (6, . .. ,f n ) = t~^fi(Vt(^,i, . . . ,£ n )), where fi = in a neighbor- 
hood of (0, 0), and (i has homogeneous bounds of order k for any (6, . . . , £ n ). 

• For |(£i, . . . , £n)| > 2, it /ias homogeneous bounds of order k! and is independent of t. 

Thus one should think of a symbol M k ' k ' as a symbol of the form 

for ... , U)\ < h M k ' k '(^, . . . ,£ n ) ~ ■ ■ ■ , 



(13) 

for |(£i,...,£n)|>i, M^'(6,...,U~(6,.-.,e 



whereas a symbol m k ' k looks like 

for |fe,...,e„)|<^, m^'(6,...,en) = 

(14) for < |(&, • • .,£„)| < 1, m*' fc '(&, . • • ,£„) ~ (6, • • ■ ,£»)* 
for |(6, ••• , £n)| > 1, m t fc ' fc '(6, • • • ,£«) ~ (6, • • • , en) fe '- 

In particular 

?(£, r?) = M 1 ' ^, 77) %^±,± = M 1 ' 1 ^, »/) %„.<r¥>±,±,± = M 1 ' 1 ^, r?, a). 
We now state a few calculus rules for these symbols. 

Proposition 5.2. Multiplications between symbols and differentiations of symbols satisfy 
M k > k 'm 1 /' = m k t +l ' k ' +l ' m k t ' k 'm 1 / = m k+l > k ' +l ' 

d^M k > k ' = M k ~ 1,k '~ l d^m k t ' k ' = m*" 1 '*'- 1 d t m k ' k ' = \m k / . 

Proof. Only the last assertion is not obvious. It follows from the identity 

dtt-WnWHtu . . . ,60) = —t-l-^iVt^x, . . . + V^(6, • • • ,£») ■ ^(v^(6, • • • ,£„))■ 

□ 

The following shows how to combine fractional integration and bilinear operators; this will be 
exploited in the following corollary to get actual estimates. 

Lemma 5.3. Given a symbol m k ' k , if kl < K < k, there exist (t-dependent) symbols m\...m n 
satisfying ( uniformly in t) the Coifman-Meyer bounds |7j|) such that 

n 

T m k,k'(flj •••ifn) = y^Tm^fl, ■ ■ ■ , Af fi, ■ ■ ■ /„). 

' i=l 

Proof. So as to make notations lighter, we only prove the Lemma in the bilinear case n = 2. Let 
XI1X2 be functions of £ and 77, homogeneous of degree and C°° outside (0, 0), such that 

Xi{€,v) + X2^,V) = 1 for any (£,??) 

(15) on Suppxi, ^ |C - 77 1 

on Suppx2, |£ - 77 1 < |r? I - 



2 Notice that this convention is similar to the ones for constants C: in the following, m^' k stands for different 
symbols, as long as they are of the above type. 
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We decompose the symbol m k,k as follows 

m t' k (€>v) = xi(£,v) m t' k (€,v) + X2(£,,v) m t ,k (£>»/) = m i(£,v) + ti 2 (C,t/). 

By symmetry, it suffices to treat the case \rj\ < |£ — rj\, which corresponds to the support of xi> 
hence to mi. Then it suffices to observe that the symbol 

( l j + \Z-v\ 2 ) K/2 Xl[ ^ ,r]) (l + \Z-v\ 2 ) K/2 

satisfies the Coifman-Meyer bounds (I12D with constants which are independent of t. 
It follows from the above lemma and the Coifman-Meyer theorem that if - = — + 



□ 



+ 



Pn ' 



T m k,k'(fi,- • • ,/n) < ^ H-ftllpi • • • ll-^f/illpi 



ln\\Pn ■ 



i=l 



Using furthermore Lemma 14.21 gives 

Corollary 5.4. Suppose that - = -L -\ h i and i/iai k' < K <k. Then for any number L < 



r m ,, fc , (/!,...,/«) < t- L / 2 £ IIMU . . . ||Af - L /,IU • • • 



i=l 



In particular, if > k > k' or k >0 > k' , 

Tk,k>(fl,---,fn) <t~ k /2 ||/l|| Pl • • • ||/n||p n , 



where k 



min(0, fc). 



5.2. Bounds for pseudo-product operators with flag singularities. The trilinear operators 
that will occur in our investigations will exhibit the following kind of singularity. 

Definition 5.5. The symbol m is called of flag singularity type with degree if it can be written as 

m(€,r),o-) = m in (€, r), a)m" (77, m ¥(v^) 

where 

11 11 def TIT 11 11 TT 11 11 TT 11 

\\m\\ FS = \\m HcmIItoi ||cM||m 2 \\CM < 00. 
(Notice that this is not the most general instance of a flag singularity, but it will be sufficient for 
our purposes). 

It is not a priori clear that the operator associated to such a flag-singularity symbol enjoys the 
same boundedness properties as a Coifman-Meyer operator. This is in sharp contrast with the 
bilinear situation, where a symbol with a flag singularity is easily analyzed. 

Boundedness of pseudo-products with flag singularities is given by the following theorem. Note 
that an instance of a paraproduct with flag singularity has been analyzed in Muscalu [22], who 
derived much more general estimates than the ones we are about to state ; however, the type of 
pseudo-products that we have to deal with does not fit into his framework, hence the need of the 
following theorem proved in Appendix 1X1 

Theorem 3. (i) Suppose m is of flag singularity type with degree (see the above definition). Then 
the operator 

T m : L p x L q x V -> V 

is bounded for A = - + A + -, 1 < p, q, r, s < 00. Furthermore, the bound is less than a multiple 

s p q r 

of \\m\\ FS . 

(ii) If m is zero for \rj,a\ >> |£|, then the operators T m (Po-, P<2 - , •) and T m (P<2-, Pq-, •) are 
bounded from L°° x L°° x I? to L 2 . 
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Corollary 5.6. Suppose that j > f ' , k > k' , I > I', and that j',k',l' < 0. If furthermore p, q, r, s 
satisfy the hypotheses of Theorem^ then 

Wmi>i'm k > k 'm l ' l '\f' i -->h->^)\\s ~ t 2 ll/l llpi II/2 ||p||/Jr- 



6. Estimates on g 

Recall that 



g(t, 0=1 a^^X^ (£, V)e isifi++ + (£, r?)e^- /(*, £ - v)f(s, v)dv 

J V v++ <p— J 

Since the part corresponding to s = 2 is very easy to estimate, in the following we write 

g(t,0 = J m-^- 2 e a ^f(i-n)f( V )dn, 
where (p is either <p++ or ip 

6.1. Control of g in L 2 . It follows from the above formula, Corollary 15.41 and Lemma 14.21 that 
II0II2 = ll^ A T -i,- 2 (e-« A /, e - i * A /)|| 2 < HA^e-^/IUHe-^/IU 



r.^^/slle-^fh^H^fHe-^fh^^. 



6.2. Control of xg in L 2 . Applying to g(£) 

= / m-^e^^fd-n)}^ 
yields, by Proposition 15.21 terms of the following types 
(16a) f trrti'-^fWfc - r))dr, 



(16b) J m; 2 '~ 3 e u ^f(rj)f^- V )d V 

(16c) J m^'-V^mdJid - V )d V . 

By Corollary \5M 

H(HSaD|| 2 = t\\e ltA T m oMe- UA f,e- UA f)h < tll/N^/Hoo < e 2 . 

IIMI2 = \\e itA T m - 2 ,Me- ltA f,e~ ltA f)h < ill/lbH^/Hoc < e 2 . 
The last term, (|16cp . is estimated in a very similar way, so we skip it. 

6.3. Control of x 2 g in L 2 . Applying df to g(£) 
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yields, by Proposition 15,21 terms of the type 

(17a) j t 2 m ^^!{ri)f^-ri)dr} 

(17b) J tm^- 2 e^f(r,)f{i - r,)dr, 

(17c) J mf'-^fWfc - rj)dr, 

(17d) j trrti'-^fWdtfe - V )dv 

(17e) j mf^e^f^dj^ - V )d V 

(17f) J m^-V^df /(£ - r,)d V . 

The first term is the one which gives a growth of t: Corollary 15.41 gives 

limZHllh = t 2 \\e UA T ml , (e- UA f,e- UA f)\\ 2 < t 2 1 1 / 1 1 2 1 1 e"^ / 1 1 _ < e 2 t 2 \ < e 2 t. 

The other terms are lower order, and can be controlled with the help of Corollary [531 For instance, 

|KHED|| 2 = \\e UA T m - 3 ,-4e- UA f,e- UA f)\\ 2 < t 3/2 1 1 / 1 1 _ 1 1 / 1 1 2 < f/ 2 e 2 ~ < e 2 V~t. 

The estimates for terms (fT7b~l) (fl7dl) (fTTel) follow in a similar manner. Still with the help of 
Corollary 15.41 one obtains the bound for the term (|17fp : 

\\mh = \\e UA T m -^{e~ ltA f,e- itA x 2 f)\\ 2 < t^We-^flUx'fh < e 2 V~t. 
6.4. Control of e~ itA g in L°°. Notice first that 

e m2 g{t) = f m^e^me^-^m-^dv. 
Write the above using a rudimentary paraproduct decomposition 

^2^inf(l,2^)T m o,o (P <je -^ A /,P,e-^ A /) +^2^inf(l,2^)T m o,o {P,e~ UA f, P< je ~ UA f) 



j J 
,0,0 



(where, as usual, m ' stands for different symbols all belonging to the class defined in Section [5]). 
We only show how to deal with the first summand, the second one can of course be treated in the 
same way. To bound it in L°° , we use repetitively Bernstein's inequality (|10p as follows 

^2^T m o,o (P <je - itA f,P je - itA f) +J2 2 ~ 2iT ™°>° (P^e-^f^je'^f) 
j<0 j>0 

< ||T m o,o {P <je - UA f, P je - UA f) \\ 2 +J2 1- 2 ni ||T m o,o {P <je - UA f, P je - UA f) | 
j<0 j>0 

z E \\ p <^' ltA f\L \\ p ^- UA f\\2 + E ^ ll p <i e " itA /L ll^ A /ll 2 

i<o j>o 

< y: * /2 l|e^ A /L 11^-/114/3 + E 2 ~ j ll e ~ itA /IL !I^ A /|| 2 

i<o j>o 



■e 2 e 2 
-J_ < _ 

t'" x ~" "* ' ^ t ~ t' 

j<0 j>0 



<^/ 2 U\(x)f\\ 2 + ^2r 
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7. Estimates on hi 
We observe that h\ terms can all be written as 

where m is a smooth function with compact support. 

7.1. Control of h\ in L 2 . The estimate follows naturally by the theorem of Coifman- Meyer: 
HM2= j^j ^m{^(rj,£,))f(s,r))f(s,£-ri)dr]ds 

fj ^=m(V%, 0)e~ lsr > 2 e^ 2 f(s, V )f(s, £ - r,) dry ds 
1 1 

m( v / i(£,??)e-"'> 



< 



< 



2 V* 
* 1 



r_, „ ...„ a (e— A /,/) 



.e- lsA /||oo||/|| 2 ^< / -^<fe<6 2 . 

2 V s J2 V s s 



7.2. Control of xh\ in L 2 . Applying to h\(£), terms of the following types appear 



(18a) 



(18b) 



* /■ l 



/2J y/s 

where m stands for a smooth compactly supported function. Terms of type (j!8bj) can be estimated 
precisely as above. 

In order to treat the other kind of terms, observe that Bernstein's inequality (jlOp gives 

ii ii ii 



(19) 



if 1< p < 2, 



P 



<-ilog 2 (t)-C 



/ 



< P t^\\f\\ P <^"\\(x)f\\ 2 <^-pe. 



Therefore, picking some p between 1 and 2, 



< 



m [Vs(r], 0) f( s , C - v)f( s , rf)drjdi 
m {V~s(v,0) e lsr)2 e-^ 2 f( S ,v)f(s^ - ,,)d, V h 
- lsA f^<^o g2{s) -cf^ ds 



l^m(v / s(^,77))e i< "' 2 1 ' 



< J ||e- isA /||oo||P<_l 



<-|log 2 ( S )-C 



fhds<e 2 / ^ h-'ds^e 2 . 



7.3. Control of x 2 h\ in L 2 . Applying 9| to /ii yields terms of the type 



(20a) 
(20b) 
(20c) 



\fsm (Vs(t?, 0) /( s > ? ?)/( s > £ - rfidrjds 



* r 1 

-pm (Vs(ry, 0) f(s, r])d?f(s, £ - i])drjds, 
2 J V s 
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where m stands for a smooth compactly supported function. Terms of the type (|20bp or (|20ap can be 
treated as in the previous paragraphs ; as for the last type of terms, the estimate is straightforward 



I (mil 



< 



7.4. Control of e %s ^h\ in L°°. In order to show ||e * sA ^i|| 00 % y> ^ sur ^ ces to prove that 
ll^i 111 ^5 f2 - I n general, the oscillating phases are a hindrance to obtaining L 1 estimates, but due 
to the shrinking support of m(y / s-), oscillations do not occur here. Therefore, using () 1 9 j) . 



(21) 



HI 



* 1 

"m(V5(»7,0) ( P <-|log 2 ( S )-C7/' P <-ilog 2 (s)-c/) ds 



< 



< 



_ 3 
S 8 



2 (s)-C 



P <-|log 2 (s)-c/ 



f/.S 



7/8 



'ds < / e2 ~^ s 8S 8ds ~ e2 - 



8. Estimates on h 2 (h,h) 

As explained in Section[3l we shall in the present section derive estimates on h 2 (h, h) and h 2 (f, g) 
seperately. Since d v (p ++ does not vanish on the support of xf , the idea in order to estimate h 2 will 
always be to integrate by parts in ry using the identity 

d v ip ++ ■ d n e is ^++ = e istp ++. 



is(d v cp ++ ) 
that we write symbolically 

(22) -M- 1 '- 1 d v e is ^++ = e isip ++. 

s 



8.1. Control of h 2 (h,h) in I?. As far as the 1? estimate is concerned, it is not necessary to 
distinguish between h 2 (h,h) and h 2 (f,g). Making use of the formula (|22l) . one gets 

h 2 (0 = J^J m 1 s fi e is v++ { ^f{t - r))f(ri)drids = J^j m^M" 1 ~ 1 d ri e is v++ f(£ - r/) j \ri)d>qds 
(23a) = - j J I m -i.-2 e wiP++/(^ _ v )f( V )d V ds 

(23b) - J J ~ s m^- l e is ' p++ f{i - rj)d v f{r])dr]ds + { similar term }. 
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Applying Corollary 15,41 gives the estimates 

rt ! 



IKESSDII 



2 < 



2 S 
t 



isArp t — isA s „~isA 



:(e-^f,e-^f) 



ds 



< f -^||e- isA /|| 2 ||e- 

h s 



■isA . 



1 ^1 



ds< / eWI-ds<V. 



/ 2 s s 



iimi 2 < 



2 « 
i 



t 



ds 



< 



[ fh\\e- lsA f Woods < [ e 2 --ds<e 2 . 
J 2 s h «s 



8.2. Control of xhi(h,K) in L 2 . Applying to h2(h,h)(£) yields 

(24a) dfi 2 (0 = f*J m°'- 1 e i ^++ (f ' ??) /i(e - ri)h{r{)dr]ds 

(24b) + j* j m ^++({>ii)^ _ rfh^drjds 

(24c) + f f m 1 s '°e isif ++^h^-r ) )d^h(' n )dr]ds. 



Using ([22]) to integrate by parts, twice for (|24b|) . and once for (|24ap and (|24c|) . we see that the 
above expressions are transformed into terms of the following types 

(25a) J J ^m~ 2 '- 3 e ls ^++ ( ^ ) h^ - 7])h(r])d V ds 

(25b) J J - s m- l '- 2 e is ^++^h{i - jjjfyfcfajcfy ds 

(25c) j J lm°'- 1 e ia *'++& r i)h(£ - r])d 2 h(r])dri ds 

(25d) J J ^-m° s - 1 e is v++^d ri h(£ - 77)^%)^ ds 

Let us begin with ()25ap . By Corollary 15.41 



|| (125ID 



< 



< 



2 a 
t 



-s^WAj^hhWe-^hUds 
s 

f - S 3/4 ||/ i || 4 /3l|e- A / i ||oo^ < f s-^e 2l -ds < e 2 . 

J2 s J2 s 



For (|25b|h we have 



II42M 



< 



< 



2 s 
t 



^isArp ^ ^r„—isAu „—isA, 



<,(e- isA h,e- isA xh) 



ds 



[ l^WxhUe^hUds < [ e 2 -s^ 2 -ds<e 2 . 

J2 8 J 2 S S 
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IH»lb< 



ds 



e ls/x T m o,-i(e-^h,e- ls *x 2 h) 

2 s " 

< f -\\x 2 h\\ 2 \\e- isA h Uoo ^ ^ ' ' ^ 

J2 s J2 s s 



4s < I e^-s^ds < e 2 . 

J2 S S 

The estimate of the term (|25dp reduces to the previous one with the help of Lemma 14.11 



8.3. Control of x 2 h2(h,h) in L 2 . Applying 5| to /12(C) 



~~ rj)h(r])drjds 



yields terms of the type 



(m s ' 2 + sin 



l'° + s 2 m 3 s ' 2 ) e isip ++^h($, - ri)h{rj)dnds 



0-1 _i_ .m 2 ' 1 } Jsv++(Ji,rj) 



(m"' + smf 1 ) e 



~ rj)d v h(r])dr]ds 



1,0 is<p ++ (£,r)) 



h(£ — rf)d 2 h{rf)dr]ds. 



Using (j22|) . integrate by parts the above terms, twice if they contain a factor s 2 , and once if they 
contain a factor s. Matters then reduce to estimating terms of the following types 



(26a) 

(26b) 

(26c) 

(26d) 
By Corollary 1ST 



m -i.-2 e ^++tt.'7)fc(^ _ rj)h{rj)dqds 



0,-1 isip+. 



-^h{i - r])dji{r])dr]di 



m l.o e «!P++(€,'?)ft^ _ v )d 2 h(ri)dr]ds 



J J ml> e is v++^d v h(£ - r})dr,h(ri)dr]ds. 



||d26ED 



< 



e 4sA T -i,- 2 (e- 4sA /i,e- JsA /i) 



ds 



< f V^We-^hhWe-^hUds < [ t e 2 S 1 / 2 -d S <e 2 Vt. 
J2 h s 



The term (|26bp is also easy to estimate, so we skip it, and consider next 



ds 



e isA T i,o(e- isA x 2 h,e- isA h) 
< |* ||s 2 Ji|| 2 lle-^/ilUcfa < feh^ds < e 2 t 5 / 8 . 
Finally, the estimate of the term (j26clj) reduces to the previous one with the help of Lemma 14.11 
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8.4. Control of e ttA h2(h, h) in L°°. The idea is to rewrite /12 in the following fashion (we assume 
t > 3, the adaptation to 2 < t < 3 being obvious) 



ho 



rt-l ft 

/ e isA H^(s)ds + / H${s)ds, 
J 2 ' Jt-i 



where 



with 



s ) = f Jml fi e is ^++^h{i - rfihir)) dr, 
#f (£, s) d = Jml'°e is ^++^h^ - v )h(r)) dr, 

^+{i^) = H 2 + \i-v\ 2 - 



Then 

r t-i 

(27a) e- itA h 2 (h,h) =e~ itA e isA Hl{s)ds 



2 



t 

(27b) + e~ itA I Hi(s)ds 



t-i 



8.4.1. Estimate of \21a ). The point is that d v <p++ = d v (p++, therefore the manipulations made in 
sections 18.11 and 18.21 can also be performed on H\ . 

On the one hand, it follows at once as in section 18.11 that 

(28) H^WHa < -4- 

On the other hand, just like we transformed d^h^h, h) into the terms (|25a|) - (|25dp . we can write 
(29a) %-E3(£) = J ~m- 2 '-*e is v++ { - i rih{t > - r,)h{rj)dri 

(29b) + yimr^e^^)^-^^ 

(290 + /i mf -w->* ( e 

(29d) + j^m s '- 1 e isv ++^ v) d v h^-7 ] )d v h(r ] )dr ! . 

Let us focus for instance on (|29bj) . Proceeding like in Section 18.11 (but with these two important 
differences that we do not integrate in s for the moment, and that the first e isA does not appear 
any more, which allows estimates in Lebesgue spaces with indices lower than 2), we get 



llpbD|| 8/5 < - T m -^{e~ isA h,e~ isA xh 

(30) S 

< i*V*||s*|| 2 ||e-**/i|| 8 d» < e^^-ds < 4n- 
s s s J / 4 s & / 4 

Estimating similarly (l29al) (f29cD (l29dl) . we get 

(31) II^OOIIs/s < 4ta- 



ds 

8/5 



Putting together (|28|) and (|3Tj) gives 



|^ 2 1 WI|l<||^WI| 2 + ||^ 2 1 Wll8/5< 



5/4 ' 
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Therefore 



t-i 



j(»-t)*H%{ a )d8 



< 



t-i 



t 



\HUs)\\ids<^ 



t-i 



1 1 A < 6 



8.4.2. Estimate of (27b ). Proceeding as in Section [8T3l one gets 

,2„-3/8 



(x) 2 Hi( S )\\ 2 <eS 



Therefore, 



-UA 



H(s)ds 



t-i 



\H( 8 )\\ 1 ds<e*t 



2.-11/ 



(-1 



9. Estimates on h 2 (g,f) and h 2 (f,g) 

As explained at the beginning of Section [HI we split the estimate of h 2 (f, /) into the estimate of 
h 2 {h,h), and the estimate of Ii2(f,g) and h 2 {g,f)- The present section is dedicated to the latter 
kind of estimates. 

The idea is that g is a quadratic expression, essentially equal to a pseudo-product of / with itself 
at time t. Therefore, as we will see shortly, h,2(g,f) and h2(f,g) will be trilinear terms. 

9.1. Control of h,2(g,f) and h 2 (f,g) in L 2 . This can be done as in Section [8.11 

9.2. Decomposition in (£,77, a) space. fi2(f,g) + h2(g,f) is given by 

h 2 (f,g) + h 2 (g,f) = 



[xf +s (^ MS, v ) + xf +s (Z, £ - v)qfo £ - v)] 



+ 



J 2 I [xt +s (Z,v)q&v) + xf +s (H,ti - v)q(U - v)] 



f(o-)f(v - - ^77 *r ds 



gfa g )^" ,T fa g ) e ^ + --tt.^)/(a)7(7 y - - r,)dr,dads. 

<p—[ri,<r) 

The phases </?+++ and y>_| share (see Section [2]) the property that 

=M + — = {£ = 77 = ^ = 0}. 
This makes the two cases very similar; we will focus from now on on the + + + case, 

The symbols which occur are of the form q(£, rj)m 0,0 (^, r])m~ 1, ~ 2 (r], a) or q(£, ^—rj)m 0,0 (^, ry)m _1 ' _2 (r/, a 



We now claim that it suffices to treat the case of a symbol of the form m ' (£, 77, a)m 0,0 (£, 77) 



-1,-2 



in other words one can replace q(£, 77) (or q(£, £ — 77)) by m 1,0 (£, 77, a). This is so since 

a) For I (£,77) I < 1, 9(^,77) satisfies homogeneous estimates in (£,77,0") of order 1: this follows from 
the linearity of q in 77, £. 

6j For I (£,77)1 > 2, q(£,rj) satisfies homogeneous estimates in (£,77,0") of order 0, simply because 
then p is equal to one. 

c) We are left with 1 < |(£, 77)! < 2. Then g satisfies homogeneous estimates in (£,77,0") except if 
W\ » KMI- 

As a conclusion, «/(£, 77) is of the form m 1 ' ^, 77, a) except if 1 < |(£,77)| < 2 and \a\ » |(£,77)|. 
This latter possibility is very simple to treat, since it is away from the zero frequency, which is the 
main difficulty. We thus ignore it and consider in the following that 



(»7,0*)> 
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(32) h+ ++ (0= / / m 1 >°(Z,r ] ,a)m '\^r ] )m- 1 '- 2 (i ] ,a)e is ^++f(a)f(r ] -a)ftt-r ] )dr]dad S . 



Using cut-off functions Xs ' H-, r l-, (T ) an d Xs ' i^V^) adapted to <p+++, as explained in 
Section [2.1.3^ one can decompose the integral denning /t^~ ++ . On the support of xT, does 
not vanish, thus one can integrate by parts using 

' -d s e is(p +++ = e istfi +++ written symbolically M- 2 ~ 2 d s e isif +++ = e istp +++ 



and obtain 



Xt ++ ' T (C, V, ^m" 1 '- 2 ^, V, cT)m°'°(t Tfim- 1 '- 2 ^, a)e is *+++ f(a)f(rj - a) /(£ - r?)^ da ds 

. 2 

i 



X s +++li (£, r/, ^m- 1 '-^^ t?, a)m u ' u (£, 77)771-^(77, a) 
z lstp+++ f [a) f [i] — a)d s f{£ > — rj)dr]dads + {similar or easier terms} 



In particular {similar or easier terms} include the case where the time derivative hits xt ++ ' T (£,, V: a ) 
which gives a much simpler term and we will not detail it here. The terms /i2,i and /t2 2 wm be 
estimated directly; as for h>2,3, its decay is not strong enough to allow for direct estimates, and we 

_l_ _|__|_ c< 

will have to take advantage of the non- vanishing of (9 r/iCr </? +++ on Suppx s ' (£,77,0") an d use the 
identity 

\ B in, ... B p isi P+++ — p is V+++ 

that we write symbolically 

(33) ^M' 1 ~ 1 d rija e is v+++ = e is v+++. 

9.3. Control of xh^i in L 2 . First notice that /ijji ^ s ^ ne sum °f one term evaluated at time t, 
and one term evaluated at time 2 ; since the term evaluated at time 2 is easy to estimate, we skip 
it, and focus in the following on the term corresponding to time t. 

Applying to h\ f + gives terms of the type (the indices j, k, I are always non-positive) 

(34a) J m j > j - 1 m k ' k m l > l - l e itip +++f((j)f(Ti - a)f(£ - r])dr] da with j + k + I = -3 
(34b) J tm '- 1 m '°m- 1 >- 2 e itv +++f((T)f(r] - a)f(£ - rj)dq da 
(34c) j m-^- 2 m^m- 1 '- 2 e ltlp +++f{a)j{r, - a)dj{^ - r])dr]da; 
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all these terms can be estimated directly with Corollary 15.61 For instance 

l|(|34c|)|| 2 = \\T m -i,-2 m o,o m -i,~2(e~ ltA f,e~ ttA f,e~ ttA xf)\\ 2 



<t\\e- itA f\ 



U, II' J 1116 ll ^ J 118/3 



< eH-h-U-z \\xf\L /5 < eH' 1 



8/5 



9.4. Control of x 2 h,2i + in L 2 . Applying to faj l gi yes terms of the type (the indices j, k, I 
are always non-positive) 



(35a) 
(35b) 
(35c) 
(35d) 
(35e) 
(35f) 



m j,j-i m k,k m i,i-i e it<p + j 



'f(v)f(v-cr)f(€-ri)dr)da with j + k + I 



tm j,j-i m k,k m i,i-i e it v+++ j^j^ _ a ^ _ ^ drj da with j + k + i 



m j,j-l m k,k m l,l-Xjt<p +++ 



tWVm- 1 '-^ 



f( a )f(v ~ a )^f(^ ~ Vj)drj da with j + k + / = — 3 



f(<7)f(v ~ °")/(f - V)dv da 
tm o,-i m o,o m -i ,-2 e it v+++ Jtyfty - a)dj{i - rj)dr) da 



f{a)f{r ] -a)d 2 M-T ] )dr ] da; 



all these terms can be estimated directly with Corollary 15. 6} except for the last one, which requires 
a further manipulation; indeed, the Lebesgue exponents oo, oo, 2 are not allowed by Corollary 15.61 
for the arguments of the multilinear operator. 

Thus one writes 9|/(^ — rj) = —d^d^ f^ — 77), and integrates by parts in 77. This yields terms of 
type (I35cp and fl35ef) . as well as 



(36) 



m 



7(^H/0? ~ °")<%/(£ - V)dv da 



which can be estimated as follows 

2 



r m -i,- aTO o,o ro -i.- a ( e - itA /,e- itA x/,e- itA x/)|| 2 



<t\\e rfA /|| 32 ||e liA /|| 32 /i4 ll e ttAx f\\32 

1 15 



_1 _ 15 

t »et is 



;S*l|z/ll32/31* 16 11^/1132/18* ~ 8et 16 

<i<*V|| 2 ^]|<M 5/4 >/ 

< e 3 ttt~^t l ^ 4 t~h~^ < e 3 t 1/8 . 

9.5. Control of e~ ltA h2i + in L°°. This control would be very easily obtained if pseudo-product 
operators were bounded with values in L°° . Since this is not the case, we use Sobolev inequality, 
namely 



\ f ,-itA h +++\\ T < 11 
|6 !%2 1 I \L°° —II" 



-it A 



2,1 IIVK 1 * 1 



<c 1 it 1 



< tile" 



itA f \ |3 



/II 



where we have used that m 



-1,-2 



+ C m 



-1,-2 



£24 



m 



- 2 (e~ UA f,e- UA f,e- UA f)\\ 
,1 1 

7 £374 



L 8 



-1,-1 
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9.6. Control of xh^2 + in L 2 . Applying to /12.2(C) gives terms of the type (the indices j, k, I 
are always non-positive) 

(37a) J J m j ' j - 1 m k ' k m l ' l - 1 e is,fi+++ f(a)f(r] - a)d s f{£ - rftdq da ds with j + k + I = -3 
(37b) J J sm°'- 1 m '°m' 1 '~ 2 e isip +++f(a)f(ri - a)d s f(£ - r))dr] da ds 
(37c) J j m-^- 2 m 0fi m- 1 '- 2 e isLp +++J{a)f{i 1 -a)d i d s f{i-r 1 )di 1 dads. 

We now transform (|37c[) by observing that d^d s f{^ — 77) = —d v d s f(^ — rj) and integrating by parts 
in rj. This gives terms of type (|37ap (|37bp as well as 

(38) / f m- 1 '- 2 m°> m~ 1 '- 2 e is < fi +++f(a)d ri f(r ] -a)d s f(£-r ] )dridads. 



Actually, terms like (|38p can also come from the {similar or easier terms} in the definition of h^^- 
Now the terms (|37a|) (|37bj) (f38j) are easily estimated by using Corollary 15.61 and (P) . For instance 

\\mbh < y" '||e" A r^--i mfc , hmI , l - 1 (e-" A /,e^ A /, e -" A 5J)|| 2 d 8 

(39) = J \\T^-i mklkn i^-i (e~ lsA f, e~ isA f, Q(u, u) + Q(u, u)\\ 2 ds 

< r s 3/2|| e -i S A / ||4 ds < f e ^/2 {s -mf d s<e\ 
J2 J2 

9.7. Control of x 2 /i^ + in L 2 . We saw that x/ij 2 can ^ e reduced to terms of the type (|37a|) 
()37b|) ([38jh Now apply 9^ to (|37ap (]37bp (f38|) . and, as in Section [9T6l make sure by an integration 
by parts if necessary that an s derivative and a £ derivative do not hit the same /. This gives terms 
of the types (the indices j, k, I are always non-positive) 

(40a) J J m j ' j - 1 m k ' k m l ' l ~ 1 e is ' p +++f(a)f(ri - a)d s f(£ - rfidrj da ds with j + k + I = -4 

(40b) j j s 2 m 1 ' m '°m- 1 '- 2 e isv +++f(a)f(7] - a)d s f{£ - r])drj da ds 

(40c) J j m- 1 '- 2 m°' m- 1 '- 2 e isv +++f(a)d 2 f{r ] - a)d s f(£ - r])drj da ds 

(40d) j j sm j ' j - 1 m k ' k m l ' l - 1 e is ' fi +++f{a)f{r] - a)d s f(£ - T])d7]dads with j + k + I = -2 

(40e) j j sm j ' j - 1 m k ' k m l ' l - 1 e is ' p +++f{a)d ri f(r] - a)d,f(£ - ^drjdads with j + k + I = -1 

(40f ) /" /" m j ' j - 1 m k ' k m l ' l - 1 e is ' p +++f(a)d ri f{r] - a)d„f(t - r))dr) da ds with j + k + 1 = -3. 

In order to bound the terms above, one should notice first that e~ ttA d s f = aQ(u,u) + j3Q(u,u), 
hence 

\\e~ itA d s f\\ p <e 2 tl~ 2 for2<p<oo. 
The estimates for (|40ap - (|40fp follow in a straightforward fashion using Corollary 15 .61 except for (|40cp . 
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But for (|40cp . writing d 2 f(rj — a) = —d^da-fir] — a), and integrating by parts gives, in addition 
to already treated terms, 

(41) / / m- 1 '- 2 m°'°m- 1 '- 2 e isip +++d (T f(a)d v f{ri - a)dj{£ - rj)dr) da ds, 



which can be treated directly: 



\\mh £ / ||T m -i,- Wm -i,- a (e- UA xf,e- itA xf,e- UA d s f)\\ 2 ds 
(42) < j\\\e- itA X f\\l V7 ||e^ A 9 s /|| 16 ds < jT- (-~ B/M WW^f eV 15 ^ ds 

j' s (s- 9 / 16 (J (x) 13 / 8 /|| 2 ) 2 eV 15 / 8 ds < e 4 j\ (V 9 / 16 * 5 / 8 ) V 15 / 8 < eH 1 / 4 . 



< 



where 



9.8. Control of e~ itA h++ + in L°°. Proceeding as in Section [8.41 we rewrite 

h++ + = f 1 e isA Hl 2 (s)ds+ f H 2 2 (s)ds, 

f s) = J / m- 1 '- 2 ^, r?, a)m°' (e, T/Jm" 1 '- 2 fa, a)e is ^++f(a)f( V - a)d s f(£ - rj)dr, da 

\ F 2 2 (£, s) = f J m" 1 '- 2 ^, »7, a)m°>°(£, V )m-^- 2 ( V , a)e is *>+++ f(a)f( V - a)dj(£ - V )d V da 
with 

£+++(£,7?) = |£-r/| 2 + |r/-^| 2 + k| 2 - 

Then 

r t-i 

(43a) e~ itA h++ + =e~ itA j e isA Hl 2 {s)ds 

r-t 

itA / [7-2 



(43b) + e~ 4tA / H 2 2 {s)ds 



t-X 

9.8.1. Estimate of j^3a| ). On the one hand, one sees immediately that 

1 

7 2 



(44) \\H{ 2 (s)\\ 2 = ||r m -i,- am o,o ro -i.- a (e- i ' A /,e-* BA /,e- < * A S ll /)|| 2 < - 



On the other hand, proceeding as in Section \9. Q\ we can write d^H 22 as a sum of terms of the type 
(the indices j, k, I are always non-positive) 

(45a) J m j ' j - 1 m k ' k m l ' l - 1 e isLp+++ f{a)f{r ] - a)d s f(£ - rj)dr} da with j + k + I = -3 

(45b) J sm >~ 1 m°'°m- 1 >- 2 e isip +++f(a)f(ri - a)d.f(£ - r/)dv da 

(45c) f m- 1 >- 2 m°> m- 1 >- 2 e isv +++f(a)d a f(ri-a)d s f(t-ri)dr]da. 



Let us focus for instance on (|45ap . It can be estimated in L 8 / 5 as follows: 
lldSSDIIs/s = ||r^-i m M TO M-i(e- <s A /,e- lsA /,e- isA 9 s /)|| 8/5 

< ^ 3/2 ||e- A /||i 6 ||/||i6||3 s /|| 2 < e^s^s^ < ' ; 



5/4 ' 
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Estimating similarly (|29b|) (f29c|) . we get 

(47) hHl 2 (s)\\ 8/5 <j^. 
Putting together (@2J) and (jI7j) gives 



Therefore 



(48) 



| (Pall 



t-i 



< f 4 



e i(s-t)A H lj s)ds 



1 1 A < 6 



< 



1 1 



t - s 



I H 2 ,2 (s) || ids 



9.8.2. Estimate of H43b\ ). Proceeding as in section (|9.7p . one sees that 



m 2 m 2 \\ 2 < 



Vt 



Therefore, 
(49) 



IdSEDI 



-itA 



t-1 



H% <2 (s)ds 



< 



t-1 



H 22 (s) ds 



9.9. Control of xh 2 ^ + in 1? . Applying to h 2 ^ + (^), one gets terms of the types (the indices 
j, k, I are always non-positive) 



(50a) 
(50b) 
(50c) 
(50d) 



m 1 '°m k ' k m l > l - 1 e isip+ + + f(a)f(T] - <r)/(f - rj)dr) da ds with k + I = -2 



m J,J m ' m e ^ +++ 



f{ a )f(jl ~ a )f(C ~ v)di] da ds with j + + I = — 1 



m 1 '°m >°m- 1 - 2 e is < p +++f(a)f(ri - a)dj{^ - rj)dvda ds 



am 2,i m o,o m -i,-2 e i SV+++ 



f(v)Hv - - r])drjdads. 



The terms (l50bl) and ([50c]) can be estimated in a straightforward fashion using Corollarv l5.61 Using 
the identity ()33f) to transform the last term above, we see that it can be reduced to terms of the 
type ()50ap ()50b|) (|50cp . Finally, using (|33|) to transform ()50ap yields terms of type (the indices j, fc, I 
are always non-positive) 



(51a) 
(51b) 



J J ^m j ' j - 1 m k ' k m l ' l - 1 e is < p +++d a f{a)f(i] - a)f{£ - r])d V dads with j + k + I = -2 



1 



m j > j - 1 m k > k m l ' l - 1 e is ' fi +++f(a)f(ri - a)f{£ - i])dr]dads with j + k + I = -3; 



h J s 

these terms can be estimated directly using Corollary 15.61 



9.10. Control of e lt ^h 2 ~^ + in L°°. This can be done as in sections 18.41 and [9751 
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9.11. Control of £ 2 /i^ + in I? . We saw in Section [9J)] that xh^ + can be reduced to terms of the 

form (f50b|) ([50c)) ([51al) ' (|5Tbj) . Applying to ([50bl) ([50c)) (lHa)) ' ([5Tb")) gives terms of the following 
types (the indices j, k, I are always non-positive) 

(52a) J J m j ' j ~ 1 m k ' k m l ' l ~ 1 e is(p +++f(a)f(r] - <x)/(£ - i])drjdads with j + k + I = -2 
(52b) J J sm 1 '°m k ' k m l ' l - 1 e is ' f+++ f(a)f{r] - <t)/(£ - rj)dr)dads with j + k + I = -I 
(52c) J J m j ' j - 1 m k ' k m l ' l - 1 e is ' p + + +f(a)f(ri - a)dj(^ - ri)dr]dads with j + k + I = -1 
(52d) J J m 1 '°m k ' k m l ' l - 1 e is ' p +++f(a)f(ri - a)dj(( - rf)dr] da ds with j + k + I = -2 
(52e) J J sm 2 ' 1 m '°m- 1 '- 2 e is ^+++f(a)f(rj - <r)%/(£ - r})drj da ds 
(52f) J J m 1 '°m '°m- 1 '- 2 e isip +++f(a)f(ri-a)dlf^-ri)dr]dads 

(52g) J J ^-m j ' j - 1 m k ' k m l ' l - 1 e is ' p +++d a f(a)f(r] - <r)f(£ - rj)dr) da ds with j + k + I = -3 
(52h) J J m j ' j - 1 m k ' k m l ' l - 1 e isip + + +d a f(a)f(ri - a)f(( - i])dr]dads with j + k + I = -1 
(52i) y y - s m j ' j ~ 1 m k ' k m hl - l e isip +++d a J{a)j(r] - a)dj{£ - rj)dr] da ds with j + k + I = -2 
(52j) y y Jm JJ - 1 m y m'-'- 1 e is ^++/>)/(i| - <r)/(£ - T])dr]dads with j + A; + I = -4 
(52k) y y m j ' j - 1 m k ' k m l ' l - 1 e isip + + +f(a)f(i] - <x)/(£ - i])drjdads with j + k + Z = -2. 

These terms can be bounded in a similar way to all the estimates already performed, except for 
two of them: (|52ep and (|52f|) . Since the former can be reduced to the latter by integration by parts 
using ([33]) , we shall focus on (|52f|) , the difficulty being that the L°° x L°° x L 2 — >■ L 2 estimate does 
not hold in general for flag singularity paraproducts; to go around it, we shall use (ii) in Theorem[3j 
First observe that the case where |£| < Iv^l can be easily dealt with, for then the symbol 
m 1 ' ^, T], a)m 0,0 (^, rj)m ~ 2 (r], a) becomes m 0,_2 (^, 77, cr)m°'°(^, rj). Thus we shall assume that 
|£| >> | r/, a\. Next, by symmetry, it is possible to assume that in the integral defining (|52f|) . 
\ a \ ^ \v ~ a \- Thus it suffices to consider the case |£| >> |<r| > \rj — a\. As usual, this can be 
ensured by adding a cut-off function, which we denote x(C) r ?> cr )- Finally notice that the condition 
\ a \ ^ \v ~ a \ imposes |<r| > 4= on the support of m -1 '~ 2 (<7, r\ — a). We now decompose 



m^W -1 ~ 2 x(v, a)e lsip +++ f{a)f{i 1 - <r)3f /(£ - rfidq da ds 

f I 2- j m lfi m '°m°'- 1 x{r ] ,a)e isv ++ + 
2 



(53) 
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This can be estimated by (ii) of Theorem 



S3D || 2 < f V 2-i\\T m i,o m0 ,o m o,-i{P J e isA f,P <1+2 e tsA f,e* sA x 2 f)\\ 2 ds 

„jr i J2 S S 



10. Estimates on h% 
From its definition in section 12.21 we see that /13 can be written as 

with 

(54) h^(0 = f J q{w)m- 1 >- 2 {£,r t )e ia ^f{<T)T{ri - *)f(£ - r,) d^dads. 

Observe (as in Section[9|) that the symbol q(r], <7)m -1 ' -2 (£, rf) can be written m 1,0 (£, r/, 1,— 2 (£, rj). 



10.1. The cases + + +, H and . Notice (see Section f2 . 1 . 2 j) that the three phases 

ip = ,(p correspond to a space-time resonant set & = {if = 0} U {d VtCT ip = 0} = 

{£, = V = 0}- Thus one can proceed as in Section [9] to derive the desired estimates in most cases. 
Only one term has to be treated in a different way. It occurs when estimating rc 2 /i^" ++ (we focus 
from now on on the + + + case), corresponds to (I52f[) . and reads 

j J m 1 >\Z, V ,a)m- 1 >- 2 (Z,r ) )e is *+++f(a)f( V - a)df/(£ - V )d V dads. 

In order to estimate it, one has to distinguish between the cases \rj\ » |£ — 77 1 and \rj\ < |£ — r)\. 
Since they are fairly similar, we shall focus on the former; as usual this is ensured by adding a 
cut-off function \ which localizes frequencies to this set, thus we now consider 

(55) ^ J m l >°(t, v, ^m" 1 '- 2 ^, r,) X (^, r/)e^+++ f(a)f( V - <r)0(£ - v)dv da ds. 
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Observe that |r/| >> |£— 77 1 implies \£—T]\ << |£|; and also that the support condition on m s ' (£,77) 
implies |£| > Therefore, we can estimate, with the help of Bernstein's lemma 



< 



< 



t r t 



2 J2 



(e* / , e ls f , P. 



<i+i 



e isA x 2 



2 2~' llT^^o,-! (e- A /, e lsA f, P <J+1 e* sA x 2 f)\\ 2 ds 



v > -4= 



2 2~> ||e lsA /|| 16 ||e 4sA /|| 16 ||e lsA P <J+1 x 2 /| 



2i>^ 



8/3 



ds 



<^ 2 



<, 3 



J' Y, 2-^~ 7 / 8 s~ 7 / 8 2^ i \\x 2 f\\ 2 ds 
2 2J ^s 



s 3/8 s -7/8 s -7/8 sds<e 3 t 5/8_ 



10.2. The case — \- +. In the case of </p |_+, the space-time resonant set M h+ = {£ = c = ^77} 

(see (|2.1.2p is not reduced to the origin. Using an appropriate (smooth, homogeneous of degree 0) 

cut-off function x h+> one can restrict the problem to a neighbourhood of ffl h+ , the rest being 

treated as in Section [9j Furthermore, this neigbourhood is chosen such that £, 77, a essentially have 
the same size. This has the advantage of canceling the flag singularity, in other words the above 

symbol x h-(£> a)m 1,0 (^, 77, a)m '~ 2 (£, 77) can be replaced by x h+(£i Vi a)m°~ 2 (t;, 77, a). 

In the following of this section, we will thus consider the term obtained after restricting £, 77, a 
to a neighbourhood of ££ h+ : 



(56) h 3 (£) 



»7, ^K'" 2 (£, V, a)e^-++f(a)f(r ] - a)/(£ - 77) d V da ds. 



10.3. Control of h 3 ++ in L 2 . Immediate. 



10.4. Control of xh 3 ++ in L 2 . Applying <9g to ft 3 gives 
(57a) 

(57b) 



+ 



*_++(£, r?, ^m- 1 '" 3 ^ , 77, a)e^-++/(a)/(77 - a)/(£ - 77) dr? da ds 
*_++(£, r?, a)m '- 2 (£, 77, a)e is ^-++dj(a)f(ri - a)f(£ - 77) ^77 da ds 



(57c) 



*_++(£, »7, ^)™°*~ 2 (f, »7, a)sS^_ ++ e^-++/(a)/(77 - a)f(£ - 77) d?, da ds. 



The term ()57ap and (|57bj) can be estimated without any difficulty by Corollary 15.61 For (|57c[) , we 
use the following relation: 

Substituting the above right-hand side for d^ip ^+ in (157c|) . we can integrate this term by parts 

using the relations 



sd v <p- ++ e 



ISlf- 



-d n e lsip -++ 
1 



and sd (T (f- ++ e isif -++ = -8^-++, 

1 
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and the result is terms of the form (J57aj and (|57bj) 
10.5. Control of e~ itA h~ ' 



: ., in L°° . Our strategy will be the following: by the standard dispersive 

itA'i 



estimate, the decay of e h 3 in L°° follows from a bound on 

xhn + 



hi 



The quantity whose 



control was obtained in the previous paragraph, namely xhn barely fails to control 

2 

but it will suffice to obtain a control of this weighted norm with a Lebesgue index slight 
than 2. 



Iln 



y smaller 



To this we now turn: we will prove that 
this will give us the desired result since 

1 



Xhn 



8/5 



remains bounded, and, as explained above, 



itA 



ho 



< 

OO b 



1 ~ t 



h~ +A 



+ 



Xhn 



8/5 



We saw in the previous paragraph that xh 3 ++ can be written as a sum of the terms of the 
type ()57ap or (|57b|) . We will show how to obtain a bound for terms of the type (|57b|) . the case 
of (|57aj) can be treated in an identical fashion. 

Next observe that one can write 

B x _ ++ £, v ,a)mP>-i (£,7),<7) = P <-llo S s B m°< (t,V,<r) + Yl inf l 1 ' 2 ~ 2j ^'^mO ^a) • 

-|logs<j 

Therefore, using in addition to the traditional arguments the point (iv) of Lemma 14.21 gives 

t 









xh- ++ 




L 




8/5 





e isA B. 



-isA t —isA 



isA xf) 

8/5 

< ii ogs e D x -++(iw)™°' (iw) y e f,e- tsA f,e~ lsA xf) 



-is A . 



+ Yl 2 ~ 2 ') \\ P i B m^,v,«) ( e_lSA /> e "" A /' e-* sA xf) I 



i>-^ logs 



8/5 



8/5 



ds 



< 



Wilis IMI2 + E mf(l,2- 2 ^)2^i/ 8 \\u(s)\\ 16 \\u(s)\\ 16 \\xf\\. 



ds 



j>- 



< , 3 



-7/8.-7/8 



s ■■■■*■■■"+ Y inf(l,2- 2j ')2- 7 '^s s ■ s 



?/4 ,1/8 -7/8,-7/8 



j>~5 logs 



<is < e 3 . 



10.6. Control of x 2 /i 3 ++ in I?. We saw in Section 110.41 that xh 3 ++ could be reduced to the 
terms (J57a]) and (I57bj) . Applying to these two terms gives expressions of the following types 

' m- 2 - 4 (^, rj, a)e l ^-++ f(a)f( V -a)f(£-r 1 ) drj da ds 



(58a) 
(58b) 
(58c) 
(58d) 
(58e) 



m- L >- 6 (£, V, (r)e^-++f(a)f(r, - a)d^f^ - rj) d V da ds 



s / m^- 2 (^r,,a)e^-++f(a)f(r,-a)f(^-r l )d V dads 



s I m 1 '- 1 (^a)e is ^+f(a)f(r ] -a)d^(i-i 1 )dr 1 dads 
m°'- 2 (£, 77, a)e is *-++ f(a)f(r, - a)d 2 J{i - V ) d V da ds. 
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All these expressions can be estimated directly with the help of Corollary 15.61 

Appendix A. Proof of Theorem [3] 

We shall only prove (i) in Theorem [3j if m is of flag singularity type with degree 0, then the 
operator 

T m : V x L q x L r -+ L s 

is bounded for 

1 1 1 1 P 

- = — I 1 — if 1 < p, q, r, s < oo 

s p q r 

with a bound less than a multiple of ||m||_Fs, and this result remains true if s = 2 and only one of 
p, q, r is taken equal to oo. 

The proof of (ii) follows the steps of (i), but is much simpler, thus we shall skip it. 

Remark. It would be of particular interest for the PDE problem which is the heart of the present 
paper to obtain estimates of the type L°° xL°° xL 2 — > I? . This set of Lebesgue indices is not covered 
by Theorem^ unless a projection Pq on a band of frequencies is added. To see that boundedness 
for this choice of spaces does not hold in general, take B a bilinear Coifman-Meyer operator, and 
form the flag singularity pseudo-product operator 

T d f (/i,/2,/ 3 ) -> B(f 1} f 2 )f 3 . 

The operator T is bounded from L°° x L°° x I? to L? if and only if B is bounded from L°° x L°° 
to L°° ; but this last property is not true for general Coifman-Meyer operators. 

We now start with the proof of Theorem [3} 
Step 1: partition of the (£, r/, a) plane By definition of a flag singularity with degree 0, the symbol 
m can be written 

m IU {i, 77, cr)m{ 7 (?7, Qmtfir), a), 

with m 111 , ml 1 and m^ 1 of Coifman-Meyer type. First observe that there are certain regions 
of the (^,Tj,a) plane where m satisfies the Coifman-Meyer estimates (|12p ; hence the Coifman- 
Meyer theorem applies, and the desired estimate is proved. Thus, using a (homogeneous of degree 
0, smooth away from 0) cut-off function, we can reduce the problem to the regions where the 
Coifman-Meyer estimate (|12p does not hold for m, namely 

A 1 U A 2 = f {|e| + \ V \ < e\a\} U {\rj\ + \a\ < e\Z\}, 

where e is a small constant. We further observe that on A\ (respectively: on A 2 ), m^ 1 (respectively 
ml 1 ) satisfies the Coifman-Meyer estimate in (£, rj, a). Now choose cut-off functions XAi(Cf/)C) 
and XA 2 (£> Vi a ) which have homogeneous bounds of degree 0, and localize respectively near A\ and 
A 2 . More precisely, we choose XAi such that 

^X^i(f-»7>o-)(^ 1 ' f 2 > = P<k-100 (-Pfc/l-Pfc/2) -P<fc-100/ 3l 

k 

and similarly for \A 2 ■ With the help of these cutoff functions, we can reduce matters to symbols 
of the two following types: 

,. „ N XA 1 (£,ri,(T)m III (£,ri,o-)m[ I (ri,() 

(A- 1 ) rrr tj 

XA 2 (til,v) m (€,il,<r)™>2 (r],a) 
Observe that, (•, •) denoting the standard scalar product, 

(Tfj,(£ )V ,a)v(ri,CT)(fli fli fs) , fi) = (^(a,r?,0^(r?,0 {fai h{~')i h{ — )) , fl)- 

thus estimates for one of the above symbols can be deduced from the other by duality if all the 
Lebesgue indices are finite. 
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We focus from now on symbols of the first type in (jA.ip . 

Step 2: series expansion of m 111 Let us expand in series the symbol m ni (^, 77, a) around (77, £) = 0. 
One gets 

A/-1 

m HI (Z, V ,a)= £ <5>a(<j)(v,O a + mV,v), 
M=o 

where $ Q (cr) = gS~ja rn in (0, 0, a) and the remainder R satisfies 



(A.2) d^dlR^,r,,a) 



O 



'm+\v\) M - m ' 



\a\ M +\ a \ J ' 

Coming back to the original symbol (|A.lj) . we see that 

XAi (£, V, <y)m IU {i, 77, o-)m( / (r/, £) 

M-l 

= XA 1 (Z,r j ,a) $a(v)mi(v,0(v,O a +XAAZ,V,<r)R&V,v)rri I 1 I (rj,t)- 
\a\=0 

Choosing M big enough, the bounds (jA.2|) satisfied by R let the symbol XA\ (£> ?7> cr )-^(?> o")m{ 7 (?7, £) 
satisfy Coifman-Meyer estimates, hence the associated operator enjoys the desired bounds. Thus it 
suffices to treat the summands of the first term of the above right-hand side; to simplify notations 
a little in the following, we replace (£,7?)° by (£ — r/) a , and consider therefore symbols of the type 

(A.3) x^r/^^x^r^e), 

where $ Q is homogeneous of degree —\a\, and m has homogeneous bounds of degree 0. 

Step 3: paraproduct decomposition of m Recall that m is a symbol with homogeneous bounds of 
degree 0, defined at the end of the last paragraph. Its paraproduct decomposition reads 

B m (f,9) = Y B m(Pjf^P<j-i9) + J2 B ^( P <j-lf^ P J9) + £ B m (Pjf,P k g). 

i i \i-k\<i 

Proceeding as in the original work of Coifman-Meyer [5J, consider the symbol of one of the elemen- 
tary bilinear operators above, for instance B m (P,-,P<j_i-). Denote by 777,^(^,77) this symbol, which 
is compactly supported (in (£,77)), and expand it in Fourier series 

p,qeZ 2 

where we denoted c for a constant, x f° r a cut-off function, and aj>, q for the Fourier coefficients. 
It is now possible to forget about the summation over p, q. The idea is that the fast decay of the 
aj, } q (in p,q), due to the smoothness of the symbol, offsets the polynomial factors arising from the 
complex exponentials e lc2 J ( p ' q \ which correspond to translations in physical space. Les us be a bit 
more explicit about this: we will in the following be using maximal and square function estimates. 
As far as maximal functions are concerned, there holds | [S<jf] (x + 2~iq)\ < |g| 2 |M/(x)|, which 
is the announced polynomial growth. As far as square functions are concerned, we rely on the 
boundedness of operators of the type / h-> otj[Pjf](x + q2~ J ) on L p spaces with p < 00, if 
ay 6 £°°. The bounds of these operators grow polynomially in q. 

These considerations reduce matters to the case where m is given by one of the three paraproduct 
operators 

(f,g)» £/',./•/', <j ; Y, 1 ' 1 ^ ; E P i/ P i5 

3 3 3 

(we suppressed the index k in the last summation to make notations lighter). 
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Step 4: derivation of the model operators Combining this last line with ()A.3|) . we see that the op- 
erators of interest for us become 

P<k-lQpPj (^i(D)P k f 1 P k f2) V l P<j_iP<jfc_iOQ/3 

3,k 

E P<k-woP<j-i {^i{D)Pkf\Pkh) ^ l PjP<k~imh 

3,k 

E P <k-l00Pj ($i{P)P k hP h f 2 ) V i P j P <fe _ 100 /3. 

j,k 

a\ and V* stands for V Q . We now make some observations which allow us to 
simplify the above operators: 

• First remark that &i(D)P k , ^ % Pj and V J P<j can be written respectively 2~ tk P k: 2 lJ Pj and 
2 4 - ? P<j with obvious notations. Since the operators with tildes have very close properties 
to the operators without tildes, we will in the following forget about the tildes. 

• Next notice that due to the Fourier space support properties of the different terms above, 
it is possible to restrict the summation to j < k — 97. 

• Finally, since P^-woPj = Pj and P<j-iP<fc-ioo = P<j-i f° r 3 ^ k ~ 103, it is harmless to 
forget about the P<fc_ioo operators in the above sums. 

All these remarks lead to the following simplified versions of the above operators: 
(A.5a) Yj 2l{j ~ k) Pj(PkhPkf2)P<j-ih 

k>j+97 

(A.5b) Y, 2 " J ! " > Al),f.l\h)l)h 

k>j+97 

(A.5c) Y 2lU ~ k) Pj(PkhPkf2)P J f3 

k>j+97 



(A.4) 



where here i = 



Step 5: the case i = If % = 0, observe that, due to the Fourier support properties of the Littlewood- 
Paley operators, the operators in (|A.5aP and (|A.5cP are equal respectively to 



(A.6) 



Y p i\L p *hPkh^P<i-xh 

E^(e p ^ p ^p,/ 3 



up to a difference term which is Coifman- Meyer. But the operators in (|A.6P are simply compositions 
of bilinear Coifman-Meyer operators. Thus the desired bounds follow for them. 
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The operator in (|A.5bp can be estimated with the help of the Littlewood-Paley square and 
maximal function estimates (Theorem [2|) : 



ldA2b])|| s < 



E 



P <i-! ( E P kh P kf2 ) Pjh 
k>j+97 



2\ 1/2 



< 



Eft/a 







) T 


p<i-i ( 







>fe>i+97 



< us/3ll r 


M sup 


E p khPkf2 




V J 


k>j+97 



< 



||/ 3 || r ||M(5/i5/ : 



operators 
(A. 7a) 



3|| r .||5/i5/ 2 |U<||/ 3 || r ||S'/ 1 || p ||5/ 2 || 9 . 

s — r ' * 

Step 6: the case i > If i > 0, we see that it suffices to prove uniform estimates in J > for the 

3 

(A.7b) £ /', i il'j.jf.I'j.jh) Pjh 

3 

(A.7c) ^ /> (/> . .//,/> . .// 2 ) Pi/3 

j 

since the desired result follows then upon summation over J. We start with the case where all 
the Lebesgue indices are finite. The estimate relies on the Littlewood-Paley square and maximal 
function estimates (Theorem[2]), and on the vector valued maximal function estimate (see Stein 
chapter II) 



1/2 



E 



< 



1/2 



E^ 



This gives for (lA/Taj) 



\{EM\\ S < 



\\Mf 3 



1/2 



1/2 



< 



1/2 



M h E ft ( p J+jfi p j+jh)f 



Y,[Pj{PnjhPj+jf2)t 



<\\h\ 



1/2 



J2[M(P j+ jfiP j+ jf2 



< \\M 



1/2 



^[Pi+jfiPj+jM 



< 



11/3 



1/2 



Mh\Y,[ p 3+jhf 



^ll/alUlMMI^I^MI^H/slUI/iigiMI,. 
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(|A.7cp is estimated similarly 



.35 



\\mm\\ s < 




J2[Pj(Pj+jfxP j+ jh) 



1/2 



1/2 



1/2 



Eft/3 



Eft/3 



<ll/l|| p ll/2||JI/3|| 2 . 



And finally (jA~7b|) : 

11^2011. < 



1/2 



< 



Eft<^i(ft+^/i^w 2 )ft/3 



sup [P<j_i H ,/:!).., hY 



1/2 



E ft/3j 



< || M(M,AM/ 2 ) ||^ ||5/ 3 || r < HM/iM/all.sr. ||/ 3 | 

s— r s— r 

< HM/xll J|M/ 2 |M|/ 3 || < II/1IIJI/2LII/3I 1 



References 

[1] Barab, J., Nonexistence of asymptotically free solutions for a nonlinear Schrddinger equation. J. Math. Phys. 
25 (1984), no. 11, 3270-3273. 

[2] Cazenave, T., Semilinear Schrddinger equations. Courant Lecture Notes in Mathematics, 10. New York Uni- 
versity, Courant Institute of Mathematical Sciences, New York; American Mathematical Society, Providence, 
RI, 2003 

[3] Cazenave, T; Weissler, F, Rapidly decaying solutions of the nonlinear Schrddinger equation. Comm. Math. 

Phys. 147 (1992), no. 1, 75-100. 
[4] Coifman, R.; Meyer, Y., Au dela des operateurs pseudo-differentiels. Asterisque, 57. Societe Mathematique de 

France, Paris, 1978. 

[5] Cohn, S., Resonance and long time existence for the quadratic semilinear Schrddinger equation. Comm. Pure 

Appl. Math. 45 (1992), no. 8, 973-1001. 
[6] Delort, J.-M., Global solutions for small nonlinear long range perturbations of two dimensional Schrddinger 

equations. Mem. Soc. Math. Fr. (N.S.) 91 (2002). 
[7] Germain, P., Masmoudi, N., Shatah, J., Global solutions for 3D quadratic Schrddinger equations, accepted by 

International Mathematics Research Notices. 
[8] Germain, P., Masmoudi, N., Shatah, J., Global solutions for the gravity water wave equations in dimension 3, 

preprint. 

[9] Ginibre, J.; Hayashi, N., Almost global existence of small solutions to quadratic nonlinear Schrddinger equations 
in three space dimensions. Math. Z. 219 (1995), no. 1, 119-140. 

[10] Ginibre, J.; Ozawa, T., Long range scattering for nonlinear Schrddinger and Hartree equations in space di- 
mension n > 2. Comm. Math. Phys. 151 (1993), no. 3, 619-645. 

[11] Ginibre, J.; Ozawa, T.; Velo, G., On the existence of the wave operators for a class of nonlinear Schrddinger 
equations. Ann. Inst. H. Poincare Phys. Theor. 60 (1994), no. 2, 211-239. 

[12] Gustafson, S.; Nakanishi, K.; Tsai, T.-P., Scattering for the Gross-Pitaevskii equation. Math. Res. Lett. 13 
(2006), no. 2-3, 273-285. 

[13] Gustafson, S.; Nakanishi, K.; Tsai, T.-P., Global dispersive solutions for the Gross-Pitaevskii equation in two 

and three dimensions. Ann. Henri Poincare 8 (2007), no. 7, 1303-1331. 
[14] Hayashi, N.; Mizumachi, T.; Naumkin, P., Time decay of small solutions to quadratic nonlinear Schrddinger 

equations in 3D. Differential Integral Equations 16 (2003), no. 2, 159-179. 



36 P. GERMAIN, N. MASMOUDI AND J. SHATAH 

[15] Hayashi, N.; Naumkin, P., Asymptotics for large time of solutions to the nonlinear Schrddinger and Hartree 

equations. Amer. J. Math. 120 (1998), no. 2, 369-389. 
[16] Hayashi, N.; Naumkin, P., On the quadratic nonlinear Schrddinger equation in three space dimensions. Internat. 

Math. Res. Notices 2000, no. 3, 115-132. 
[17] Hayashi, N.; Miao, C; Naumkin, P., Global existence of small solutions to the generalized derivative nonlinear 

Schrddinger equation. Asymptot. Anal. 21 (1999), no. 2, 133-147. 
[18] Hayashi, N.; Naumkin, P.; Shimomura, A.; Tonegawa, S., Modified wave operators for nonlinear Schrddinger 

equations in one and two dimensions. Electron. J. Differential Equations 2004, No. 62, 16 pp. (electronic). 
[19] John, F., Blow-up of solutions of nonlinear wave equations in three space dimensions. Proc. Nat. Acad. Sci. 

U.S.A. 76 (1979), no. 4, 1559-1560. 
[20] Kawahara, Y., Global existence and asymptotic behavior of small solutions to nonlinear Schrddinger equations 

in 3D. Differential Integral Equations 18 (2005), no. 2, 169-194. 
[21] Moriyama, K.; Tonegawa, S.; Tsutsumi, Y., Wave operators for the nonlinear Schrddinger equation with a 

nonlinearity of low degree in one or two space dimensions. Commun. Contemp. Math. 5 (2003), no. 6, 983- 

996. 

[22] Muscalu, C, Paraproducts with flag singularities. I. A case study. Rev. Mat. Iberoam. 23 (2007), no. 2, 705-742. 
[23] Nakanishi, K, Asymptotically-free solutions for the short-range nonlinear Schrddinger equation. SIAM J. Math. 

Anal. 32 (2001), no. 6, 1265-1271. 
[24] Ozawa, T., Long range scattering for nonlinear Schrddinger equations in one space dimension. Comm. Math. 

Phys. 139 (1991), no. 3, 479-493. 
[25] Schaeffer, J., The equation utt — Au = \u\ p for the critical value of p. Proc. Roy. Soc. Edinburgh Sect. A 101 

(1985), no. 1-2, 31-44. 

[26] Shimomura, A., Nonexistence of asymptotically free solutions for quadratic nonlinear Schrddinger equations in 
two space dimensions. Differential Integral Equations 18 (2005), no. 3, 325-335. 

[27] Shimomura, A.; Tonegawa, S., Long-range scattering for nonlinear Schrddinger equations in one and two space 
dimensions. Differential Integral Equations 17 (2004), no. 1-2, 127-150. 

[28] Shimomura, A.; Tsutsumi, Y., Nonexistence of scattering states for some quadratic nonlinear Schrddinger 
equations in two space dimensions. Differential Integral Equations 19 (2006), no. 9, 1047-1060. 

[29] Stein, E., Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals. Princeton Math- 
ematical Series, 43. Monographs in Harmonic Analysis, III. Princeton University Press, Princeton, NJ, 1993. 

[30] Strauss, Walter A., Nonlinear scattering theory at low energy. J. Funct. Anal. 41 (1981), no. 1, 110-133. 

[31] Tao, T., Nonlinear dispersive equations. Local and global analysis. CBMS Regional Conference Series in Math- 
ematics, 106. 

[32] Tsutsumi, Y.; Yajima, K., The asymptotic behavior of nonlinear Schrddinger equations. Bull. Amer. Math. 
Soc. 11 (1984) no. 1, 186-188. 



